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Abstract
We theoretically investigate the phase-dependent heat transport of a temperature-
biased granular Josephson junction in the presence of a perpendicular mag-
netic field. We illustrate the influence of geometry of the junction on the
thermal current. The use of granular Josephson junction rather than bulk
one makes significant changes in the heat current behavior. The heat current
diffraction pattern of the rectangular, circular and annular geometries with
no trapped fluxons demonstrates similar to the current of s-wave supercon-
ducting junction. By increasing the number of trapped fluxon, the pattern
of current behaves such as d-wave superconducting junction. The feasibility
of using granular superconductors, with different geometries, controlled by
the magnetic field provides an appropriate tool to obtain the desired result
for a specific application.
Keywords: heat current, granular superconductor, magnetic field,
geometry
1. Introduction
Advances in condensed matter physics and technology have provided the
significant progress on the thermal transport of nanosystems[1, 2]. The im-
provement of heat current has proposed the quantum heat machines[3], quan-
tum refrigerators[4] and thermoelectronic devices[5]. In the past decades, the
heat current through the Josephson junction has been attracted much inter-
est.
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For the first time Maki and Griffin proposed the interference term in ad-
dition to the quasiparticle one for the heat current through the Josephson
junction[6]. It was predicted that the interference current was depending on
the superconducting phase and was due to an interplay between the quasi-
particles and cooper pairs. For years, a plenty of projects was proposed to
demonstrate the anomalous interference term[7, 8, 9, 10]. In spite of exten-
sive attempts, no experiment could observe this phase-dependent term until
2012. Ultimately, F. Giazotto and M. J. Martinez-Perez proved the predicted
phase-dependent term of thermal current in a heat interferometer dc-SQUID
experiment[11]. The modulation of phase-dependent thermal current through
the temperature-biased Josephson junction was analyzed by means of mag-
netic flux similar to the electrical current through voltage-biased Joseph-
son junction[12]. In a temperature-biased Josephson junction, thermal cur-
rent diffraction patterns were observed in a flux driven junction for the first
time[13]. Manipulation of heat currents based on phase-coherent caloritron-
ics devices was proposed for several nanostructures[14]and was investigated
by mastering the superconducting quantum phases in temperature-biased
Josephson junctions[15]. Recently, thermal hysteresis behaviors were dis-
cussed in temperature-biased SQUID to provide thermal memory devices[16,
17].
In order to improve the transport properties through the Josephson junc-
tion, the granular superconductor can be applied rather than the bulk one.
Recently, a great deal of interest has been paid to understanding the proper-
ties of the granular superconducting systems[18, 19, 20]. Different character-
istics of electron transport and other electric responses to the external field
have been studied on the superconducting granular systems[21].
The two-dimensional granular superconductor was arranged in honey-
comb structure to investigate the phase oscillations[22]. A granular mul-
tilayer of superconducting-ferromagnetic structure was supposed to achieve
the proximity effect[23]. The characteristics of a superconducting granular
structure were demonstrated by fluctuation spectroscopy close to the critical
temperature[24]. In studying the transport properties of the d-wave gran-
ular superconducting system under the electric field, the critical current is
increased by the applied strong electric field[25]. A two-fluid model was pro-
posed to describe the transport characteristics of the granular superconduc-
tors which was well agreed with the different high-Tc superconductors[26].
For the weak coupling, the conductivity of granular superconductors was in-
vestigated in the insulating regime and it was found that the charging energy
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of each grain could grow up the superconducting gap magnitude[27]. In two-
dimensional granular superconductors, the Nernst effect was studied using
simulations with Langevin and RSJ dynamics[28].
In recent years, the different characteristics of thermal transport in granu-
lar superconductors have been found much interest. In a temperature-biased
long Josephson junction, it was shown that the maximum phase-dependent
heat current behaves similarly to the superconducting critical current[29].
The length and the damping of LJJ affect the behavior of the diffractions
patterns. The lobes configuration of the thermal transport diffraction pat-
terns is strongly related to solitons. In turn, the number of solitons depends
on the both length of junction and the intensity of the external magnetic
field. In a thermally-biased LJJ, the influence of solitonic dynamics and
excitations on the phase-coherent heat transport through the junction was
studied[30]. In this study, new coherent caloritronics devices were proposed
which are based on the motion of solitons and can be controlled by the exter-
nal magnetic field. The interplay between phase-coherent caloritronics and
solitonic dynamics was explored to introduce fast caloritronic devices provid-
ing the control of local temperature and heat power in solitonic manipulation
procedure[31]. In this strategy, heat oscillators were proposed to be applied
in nano-heat engines and coherent-heat machines.
Here to progress the heat transport through the thermally biased Joseph-
son junction, we consider electrodes made by granular superconductors. To
this end, the effect of geometry on the granular superconductors was con-
sidered for both regular and irregular structures. The dynamics properties
of thermoelectric effects and heat transport for two-dimensional granular
superconductors were studied numerically under the influence of magnetic
field[32].
Another protocol to enhance the transport properties becomes possible by
applying different geometric frustration for the junction areas. The particular
geometries used in junctions for studying the electrical transport[33, 34] and
thermal current[35] are rectangular, circular, and annular.
The aim of this paper is to study the phase-dependent heat current of
the granular Josephson junction under the effect of a magnetic field control.
Previously, we calculate the electric transport of granular s-wave[33] and d-
wave[34] superconducting systems in an applied magnetic field. To obtain the
thermal current of the granular Josephson junction in analogy with the elec-
tric current, firstly we consider the heat current of the bulk superconducting
system with different geometries[35]. After that by applying the Meilikhov
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s´ method[36], we derive the thermal current of granular superconductor in
rectangular, circular and annular geometries.
This paper is organized as follows: In Sec.(2), we describe a model to
obtain the thermal transport of a granular Josephson junction under the
perpendicular magnetic field. In Sec.(3), we calculate the heat current of
Josephson tunnel junction with different geometries for the bulk supercon-
ducting contacts. In Sec.(4), we derive the thermal current through the
granular Josephson junction for the rectangular, circular and annular ge-
ometries. In Sec.(5) to represent the results of this study, we compare the
plots of granular heat current with bulk one for the various geometries. In
Sec.(6), we conclude the obtained results in the present research.
2. Model
The physical system under study is shown schematically in 1. The pro-
Figure 1: Josephson tunnel junction in the presence of perpendicular magnetic field.
Pointed area shows the closed integration. Ti and λi indicate the temperature and London
penetration depth of superconducting contacts Si (i = L,R). t denotes the insulator
thickness and d = λL + λR + t represents the magnetic penetration depth.
posed system is a long Josephson junction(LJJ) composed of a thin insulating
barrier weakly coupled with two superconducting electrodes under the ther-
mal bias. It means that the left and right leads are connected to the different
heat baths with no bias voltage. Non-zero temperature difference between
two contacts makes a heat current flowing through the junction. To ne-
glect the effect of the edges, the Josephson junction is assumed symmetric.
According to confinement of Josephson currents near the edges of junction,
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Josephson junctions can be identified into two classes of small and large ones.
For LJJs, the edges of junction strongly confine the currents while in small
junction, current distributes through the junction uniformly. A LJJ denotes
a junction which has one dimension longer than the Josephson penetration
length[37, 38]. The superconducting phase of this junction is a function of
spatial coordinates. On the other hand, a short Josephson junction is a junc-
tion with dimensions smaller than the Josephson penetration depth which is
assumed as point-like in space.
Usually, when a bias voltage is applied to the reservoirs with common
heat bath, electrons transport from one lead to another which flows the
electric current. The total electric current through the junction yields three
contributios as follows:
I tot(TR, TL, ϕ) = I
qp(TR, TL) + I
int(TR, TL) cos(ϕ) + I
Jos(TR, TL) sin(ϕ) (1)
where the first, second and third parts are respectively the quasiparticle,
interference and Josephson terms of the electric current. Also, ϕ = ϕL − ϕR
denotes the phase difference of superconducting reservoirs. Here, we obtain
the heat current in analogy with the electric one[39, 40, 41].
Particularly for the heat current, the superconducting condensate carries
no entropy in static situation. In other words, the Josephson current term
which represents the condensate Cooper pairs has no contribution in the heat
transport[6, 11]. Therefore, when a temperature bias(TL > TR ) is applied to
the electrodes, a steady-state heat current containing two terms flows from
the left side to the right(Fig.(1)):
I totH = I
qp
H (TL, TR) + I
int
H (TL, TR) cosϕ (2)
in which, IqpH is the usual heat flux carried by quasiparticles[6, 42, 10, 1]
and Iint(TR, TL) cos(ϕ) denotes the interference term. The interference part
of heat current as a function of the superconducting phase difference was
predicted by Maki and Griffin[6, 41].
The intrinsic superconducting phase-difference is influenced by the exter-
nal magnetic field. So the only response of the heat current to the external
magnetic field is the phase-dependent interference contribution. The phase
difference of system as a function of the applied magnetic field is specified
by integration along the closed contour illustrated in Fig.(1) [13, 37, 38]:
ϕ(x) =
Φ
Φ0
x+ ϕ0 (3)
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where Φ denotes the magnetic flux, Φ0 indicates the quantum flux and ϕ0
is the constant parameter. By integration over the junction area, the phase-
dependent heat current is obtained:
IH(Φ, TL, TR) =
∫ ∫
dsρI(s, TL, TR) cos(ϕ) (4)
where ρI denotes the heat current density which is assumed constant. The
definition of the heat current density varies for different geometries.
3. The geometry of Junction
In the present study we investigate the heat current for three specific
geometries, i.e., rectangular, circular and annular, sketched in Fig.(2). Here,
Figure 2: Representative junctions: (a)rectangular, (b)circular, and (c)annular geome-
tries. L, W , R, and r indicate the geometrical parameters of junctions and t denotes the
junction tickness [35]
.
we assume the uniform tunneling current distribution for all junctions. For
rectangular geometry Fig.(2)a, the thermal current respect to the magnetic
flux is obtained[35]:
IRecH (φ
Rec, TL, TR) = I
Rec
0 |
sin(pi φ
Rec
φ0
)
pi φ
Rec
φ0
| (5)
where IRec0 = ρIWL and φ
Rec = HyLd. Here, W and L are the dimention
parameters of junction area and d denotes the junction thickness. The crit-
ical current which is influenced by the Josephson barrier characteristics can
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be modulated to provide the critical current diffraction patterns when an ex-
ternal driven field is applied. The pattern of heat current for the rectangular
geometry is known as Fraunhofer diffraction which is illustrated in Fig.(3)a.
Figure 3: The phase-dependent heat current for left side: bulk superconducting electrods
and right side: granular superconducting electrods junction in all geometries of (a) and
(d): rectangular, (b) and (e): circular, (c) and (f): annular. For annular geometry, n
indicates the number of fluxons trapped in the junction barrier and we set α = 0.9.
The heat current of circular junction(Fig.(2)b) is calculated as[35]:
ICirH (Φ
Cir, TL, TR) = 2I
Cir
0 |
J1(pi
ΦCir
Φ0
)
pi φ
Cir
Φ0
| (6)
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where ΦCir = 2HyRd and I
Cir
0 = piR
2ρI , in which R denotes the radius
of circle. Also, J1(x) is the Bessel function of the first kind[43]. Fig.(3)b
demonstrates the heat current diffraction of circular geometry with the Airy
pattern. The ring-shaped annular LJJ offers great advantages in studying
the soliton dynamics with no collision to the boundaries[44]. Soliton as a
wavepacket can maintain its shape through the traveling with constant speed
and colliding with others[45, 46].
It was recognized a long time ago that soliton or fluxon motion is smoother
in the ring-shaped and also the fluxon is prevented to collide the boundaries,
so the annular junction was suggested a unique chance to study the fluxon
dynamics. In LJJs, the Josephson vortices can create magnetic flux quantum
called fluxons or solitons which are able to move across the junction by an
external bias. Another unique property of the annular junction originates
from the fluxoid quantization(fluxons). In otherwords, a superconducting
ring as an annular junction acts like a fluxon trapping which can trap one or
more fluxons inside the junction[44, 47, 48].
Here, the heat current of the annular geometry is obtained(Fig.(2)c)[35]:
IAnnH (Φ
Ann, TL, TR) =
2IAnn0
1− α2
|
∫ 1
α
dxxJn(xpi
ΦAnn
Φ0
)| (7)
where IAnn0 = pi(R
2−r2)ρI shows the heat current density and Φ
Ann = 2HyRd
denotes the magnetic flux of annular geometry. In which R and r denote the
external and internal radius. Also, Jn(x) defines the Bessel function of order
n. The integer number of n indicates the trapped fluxons in the junction
barrier. Moreover, α = r
R
describes the lower limit of integrate.
Particularly for the annular geometry, the diffraction pattern of the heat
current drastically depends on the number of fluxons trapped inside the loop
and is extensively different from the rectangular and circular ones which is
illustrated in Fig.(3)c. The influence of the fluxons distribution on the critical
current diffraction patterns of annular JJs has been studied experimentally[49].
Moreover, a superconducting memory based on the hysteretical behavior of
the Josephson critical current in LJJs, providing protection of the memory
states against external perturbations, was suggested recently[50].
4. Critical Heat Current of Granular Systems
In this section, we consider Josephson junctions formed by granular su-
perconductors and calculate the granular heat current for this system. A
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granular superconductor consists of superconducting granule array while the
grains weakly coupled with each other by electron tunneling an insulating
substrate. The characteristics of superconducting array are determined by
the properties of its grains[51]. According to the peculiarities of s-wave su-
perconductivity, Anderson described a single small isolated grain[52] which
was completely agreed with experiments[53, 54].
The conventional s-wave superconductors generally have no sensitivity to
the disorderness. For these systems, the BCS theory is valid as the time-
reversal invariance is not broken. Therefore, the critical temperature of a
single grain has to be close to the bulk value which means that the criti-
cal temperature of granular system can be considered the same as the bulk
magnitude[55, 56].
Based on the Meilikhov s´ model, the granular critical current is obtained by
averaging over all superconducting grains with random distribution function[36].
Previously we implemented this procedure to obtain the electrical current
of granular s-wave[33] and d-wave [34] superconductors with different ge-
ometries. Now in this study, we consider a Josephson junction made by
conventional superconducting grains. Then, we calculate the granular heat
current of this system in analogy with the granular electrical current un-
der the method of Meilikhov[36]. To this end, we average over the random
superconducting grains placed on an insulating matrix substrate with the
Maxwell distribution. The granular heat current of the junction is obtained
by integrating over the heat current of the single grain:
〈IGran,iH 〉 =
(∫
ω(r)(I iGran,i)
2dr
) 1
2
(8)
here i denotes the geometry of junction as: rectangular(Rec), circular(Cir)
and annular(Ann). The assumed distribution function, ω(r) is defined as:
ω(r) =
32r2
pi2a3
e−
4r
2
pia2 (9)
where r denotes the radius of each grain and a is the average granule size[57].
For the rectangular geometry, the weak link between grains is formed in the
region of the plane segments[58]. In other words, the cross section of coupled
grains is assumed with rectangular geometry. By this definition the radius
r is proportional to the granule size[59, 36]. To obtain the heat current of
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granular superconductors with rectangular geometry, we put relation(5) in
equation (8). For the rectangular geometry, the granular heat current as a
function of the magnetic flux is illustrated in Fig.(3)d.
For circular geometry to achieve the granular heat current, we use the
relation(6) in the integral(8) which is indicated in Fig.(3)e.
The granular heat current of annular geometry can be obtained by substi-
tuting the expression(7) into the integral(8). But, the granular heat current
integrand for each trapped fluxon can not be solved simply. So, we use an ap-
propriate approximation which was applied for small annular junction[47, 48].
Accordingly, we take into account the heat current of relation(7) approxi-
mated as the following:
IAnnH (Φ
Ann, TL, TR) = I
Ann
0 |Jn(kR)| (10)
here, IAnn0 denotes the heat current density with the similar definition used
in relation(7). Also, Jn(x) is the nth order of Bessel function. Inserting (10)
into integral(8) gives us the granular heat current for annular geometry which
is shown in Fig.(3)f.
5. Results
To specify the effect of granular superconductors on the heat current,
we compare the diffraction patterns of heat current for Josephson junctions
made by the conventional bulk superconductors with the granular ones in
specific geometries of rectangular, circular and annular. This comparison is
shown in five panels of Fig.(4). In panel (a) of this figure, we note that the
maximum value of the heat current for the rectangular geometry is higher
considering a granular junction.
For circular geometry although the heat current peak is higher for the
bulk junction than the granular one, the latter covers much more area than
the former which is indicated in Fig.(4)b.
In Fig.(4)c, the heat current of the annular geometry with the lowest
trapped fluxon reaches the higher point when the junction is granular. This
behavior is similar to the rectangular and circular geometry unless it decays
with faster rate. The plots of annular geometry(Fig.(4)c-e) show that by
increasing the number of trapped fluxon, the maximum point of the heat
current for granular junction is reduced. Thoroughly, it is clear that the
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Figure 4: Comparison between the heat current of bulk superconductors rather than
granular ones for (a): rectangular geometry (b): circular geometry (c): annular geometry
with n=0 (d): annular geometry with n=1 (e): annular geometry with n=2.
heat current of annular geometry with the lowest trapped fluxon(Fig.(4)c)
as well as rectangular(Fig.(4)a) and circular(Fig.(4)b) ones behave similar
to the current of s-wave superconductors with only one peak. However for
the higher number of trapped fluxon Fig.(4)d and Fig.(4)e, the heat current
behaves such as the d-wave superconductor with two symmetric maximum
peaks.
Since the phase-dependent granular heat current of the proposed system
depends on the superconducting phase difference, it can be controlled by the
external magnetic field. Therefore, one of the most significant characteristics
of this system is focused on the control ability of the thermal transport by
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the tunable magnetic flux. Also, the implement of the granular junction
rather than the bulk one makes it possible to manipulate the peak height
and the decay rate of the heat current. Furthermore, applying the various
geometries for junction area can provide extensively changes on the heat
current. Consequently by mastering the mentioned elements, the present
system can be engineered to achieve the desired heat current relevant to its
application.
6. Conclusion
In summary, we have studied the phase-dependent granular heat current
as a function of a perpendicular magnetic field for different geometries. Par-
ticularly, we have compared the heat current diffraction patterns of bulk and
granular junctions when the geometry of junctions are rectangular, circular
or annular. This comparison displays that we can achieve our desired heat
current by engineering the system by means of the tunable magnetic flux,
applying the granular superconductor and utilizing the various geometries.
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